Abstract. It is known that every Sikorski space with the countably generated differential structure is smoothly real-compact. It means that every homomorphism from its differential structure, which forms a ring of smooth real-valued functions into the ring of real numbers, is an evaluation. This result is sharp: there is a non-smoothly real-compact Sikorski space with the differential structure which is not countably generated. We provide an easy example demonstrating this. By modifying this example we are able to show a certain shortcoming of the generator embedding, comparing to the canonical embedding, for Sikorski spaces. Finally, we note that a homomorphism from the ring of smooth functions of a Sikorski space into the ring of real numbers is an evaluation if and only if it is continuous.
Introduction
In abstract approaches to differential geometry, a space is often considered as a nonempty set M with a (unitary) ring C of real-valued functions on M satisfying certain postulates [5, 7, 9, 11, 12] . A space pM, Cq is smoothly real-compact if every real-valued homomorphism of C is a point evaluation. Such spaces are important since they may be regained from their spectrum. Many sufficient conditions where found for the space to be smoothly realcompact [1, 3, 7, 8, 10] . In particular, for a Sikorski space (see Section 2 for the definition), it is sufficient to have the countable rank, i.e., the countably generated differential structure. Another, even weaker, condition is to have Lindelöf topology. Sikorski spaces with uncountable rank need not be smoothly real-compact. Examples of such spaces were given in [7, Remark 3.6.2] and [2, Example 1] . In Section 3, we describe easier, we think the easiest possible, such example.
For a Sikorski space pM, Cq with C generated by G, there is an embedding morphism χ of C, there is an associated point p χ in R G given by g Þ Ñ χpgq. If the mapping χ Þ Ñ p χ is injective, every homomorphism is uniquely determined by a point in R G . It is indeed the case when G " C, but not in general.
We demonstrate an example for this in Section 4. The injectivity of χ Þ Ñ p χ was used in [3] , and even claimed to be proved in [3, Lemma 9] . The main result therein, Corollary 6, states the smooth real-compactness for countably ranked Sikorski spaces. It follows that its proof is incomplete. Fortunately, this proof may be easily corrected. We demonstrate this in Section 5. Finally, we indicate that there is a fairly easy characterization of realvalued homomorphisms of C which are point evaluations, as those which are continuous. This is proved in Section 6.
Definitions
Here we will recall basic definitions related to Sikorski spaces. For more details, we refer the reader to [5, 11, 13] and for backgrounds in topology we refer to [6] .
It the paper, the set of real numbers R will be considered as a ring and also as a topological space, both in common sense. (All rings are supposed to be unitary.)
Let M be an arbitrary nonempty set. Every set G of real-valued functions on M induces the weakest topology τ G in which all functions from G are continuous. For G Ď R M the set scpGq " tω˝pf 1 , . . . , f n q | n P N, ω P C 8 pR n q and f 1 , . . . , f n P Gu, where C 8 pR n q denotes the set of smooth real-valued functions on R n , is called the superposition closure of G. Further, for ∅ ‰ N Ď M let G N be the set of all functions f : N Ñ R for which there exists a family of open sets U Ď τ G such that N Ď Ť U and for every U P U, f ae U XN " gae U XN for some g P G. We call G N the localization closure of G relative to N . A family C of real-valued functions on a set M is called a differential structure on M provided C " scpCq " C M , and in such case the pair pM, Cq is called a differential space. If additionally C induces a Hausdorff topology we call pM, Cq a Sikorski space. Notice that C has a structure of a ring with pointwise operations. All homomorphisms from C into R considered in the paper are supposed to be ring homomorphisms 1 .
For an arbitrary set G Ď R M the set GenpGq " scpGq M 1 A differential structure C has also the structure of an R-algebra or even one may take compositions with smooth functions on R n for all n, as operations on C. However, from the perspective of smooth real-compactness, it is irrelevant. Indeed, for a mapping χ : C Ñ R being a homomorphism is equivalent for all these structures [3, Lemma 4] .
is the least differential structure on M containing G and it is called the differential structure generated by G. Observe that τ G " τ GenpGq . It is important to note that this notion of generation is different than the notion of generation of rings.
A mapping ϕ : M Ñ N is a morphism between Sikorski spaces pM, Cq and pN, Dq if f˝ϕ P C for every f P D. A diffeomorphism between Sikorski spaces is a bijective morphism such that its inverse is also a morphism. Two Sikorski spaces are diffeomorphic if there is a diffeomorphism between them. A Sikorski space pN, Dq is a subspace of a Sikorski space pM, Cq provided
For a set I, let pR I , E I q be the Sikorski space with the differential structure generated by the set of projections tπ i | i P Iu. We call the least cardinality of a generating set for the differential structure of a Sikorski space pM, Cq the rank of pM, Cq. We have the following characterization of rank [4, Proposition 2.3].
The rank of pM, Cq is the least cardinal number κ such that pM, Cq is diffeomorphic to a subspace of pR κ , E κ q.
The mapping G is called the generator embedding, and when G " C the canonical embedding. The proof of Fact 1 is straightforward, see [12, Section 2.10] for a hint if needed.
For a Sikorski space pM, Cq, we consider the set SpecpCq of all ring homomorphisms χ : C Ñ R, and call it the spectrum of C. A point evaluation is a member of SpecpCq given by f Þ Ñ f ppq, for a fixed p P M , and is denoted by ev p . A Sikorski space pM, Cq is smoothly real-compact provided
For a Sikorski space pM, Cq with C " GenpGq let
It may be proved that p χ " G ppq for p P M iff χ " ev p [3, Lemma 5] . Thus pM, Cq is smoothly real-compact iff G pM q " Ă M .
Example I
Let I be an uncountable set. We distinguish one element i 0 P I. Let M " R I´t 0u, where 0 denotes the constant mapping with the value 0. Let C " pE I q M . For a positive integer n define
We will prove that the Sikorski spacepM, Cq is not smoothly real-compact. We will accomplish this by showing that χpf q " lim nÑ8 f pp n q is a well defined real number for every f P C, and thus χ is a homomorphism from C into R which is not a point evaluation.
To obtain a contradiction, we suppose that lim nÑ8 f pp n q does not exist. Then either there is a subsequence p n k such that lim kÑ8 f pp n k q "`8 (´8) or there are two subsequences p n k and p n l such that lim kÑ8 f pp n k q and lim lÑ8 f pp n l q are real but distinct numbers. In both cases the reasoning is similar, thus we will present it only for the first one. Thus, let us assume that lim kÑ8 f pp n k q "`8. Then for N P Z`, there exists k N such that for every k ≥ k N we have f pp n k q ą N . In particular, p n k N P f´1ppN, 8qq P τ C . From the definition of the topology τ C , it follows that there exists a finite set I N Ď I and an open set U N Ď R I N such that
The set J " Ť N PZ`I N is countable. Hence I´J´ti 0 u is nonempty. Let i 1 P I´J´ti 0 u and define a sequence
Note that lim nÑ8 q n " q P M . Thus, since f is continuous, lim nÑ8 f pq n q " f pqq P R. But q n k N P V N , as q n ae J " p n ae J for all n. Hence lim N Ñ8 f pq n k N q " 8, and we reached a contradiction.
Example II
Let pM, Cq be a Sikorski space with C " GenpGq. In [3, Lemma 10], the authors claim that for every f P C there exists the unique continuous mappingf : Ă M Ñ R such that f "f˝ G and for every χ P SpecpCq, the equality χpf q "f pp χ q holds. The proof is based on incorrect statement that the mapping χ Þ Ñ p χ is injective on SpecpCq [3, Lemma 9] . We will provide an example disproving both statements. In our opinion it shows an essential difference between generator embeddings and canonical embeddings. The flaw is in [3, Lemma 9] .
The example is obtained by a modification of the example presented in Section 3.
Let I ' and I a be disjoint uncountable sets and i 0 R I ' Y I a . Let I " I ' YI a Yti 0 u. For every countable set J Ď I, let i J ' P I '´J and i J a P I a´J . For n P Z`define
Further, for n P Z`and a countable J Ď I define
Finally, for a countable J Ď I and d P t', au define
For d P t', au let
It follows from [10] that every Sikorski space with a countable carrier is smoothly real-compact. Indeed, every countable topological space is Lindelöf. Example 1 in [2] is a non-smoothly real-compact Sikorski space with the carrier of continuum cardinality. We end this section by showing that our example may have the carrier of cardinality ℵ 1 .
Proof. For every i P I, the set A i " tp P M ' | ppiq " 1u is at most countable. Thus
Now we will verify that |M | ą ℵ 0 by proving that
But also, by the definition of K, i K ' P K. Thus we obtained a contradiction.
Correction
In order to fix the proof of the main result in [3] , that every countable ranked Sikorski space is smoothly real-compact, we have to replace the false statement of [3, Lemma 10] . This Lemma says essentially that for every χ P SpecpCq and every net q α in M such that G pq α q Ñ p χ , the equality χpf q " lim α f pq α q holds. Instead, we will use Theorem 7. The following fact holds.
Lemma 6. Let pM, Cq be a Sikorski space, χ P SpecpCq and p C χ : C Ñ R; f Þ Ñ χpf q. Then p C χ is in the closure of C pM q in R C . Moreover, for every net q α in M such that C pq α q Ñ p C χ and for every f P C we have χpf q " lim α f pq α q. For the proof see the proof of [7, Lemma 2.2 and Corollary 2.3] or the proof of [3, Lemma 10] in the case when C " G.
Theorem 7. Let pM, Cq be a Sikorski space with C " GenpGq. Then for every χ P SpecpCq there is a net q α of points in M such that lim α G pq α q " p χ and χpf q " lim α f pq α q holds for every f P C.
Proof. By Lemma 6, there is a net q α of points in M such that C pq α q Ñ p C χ and χpf q " lim α f pq α q holds for every f P C. Thus, it is enough to note that
Let M " R N´t 0u and C " pE N q M . In order to obtain the correct proof of [3, Theorem 1], we have to reprove that pM, Cq is smoothly realcompact [3, Lemma 12] . Let ξ P C be the function defined as in [3, Lemma 11] and let q α be a net in M converging to 0 in R N . By Theorem 7 it is enough to verify the following claim. Then for all γ ≥ β N , we have
where φ is the nonnegative function defined in [3, Lemma 11] taking the value 1 for all arguments from r0, 1{2s. Thus ξpq α q is not convergent.
Continuous homomorphisms
For a Sikorski space pM, Cq, the differential structure C is a subset of R M . Thus we can equip C with the topology inherited from the topological space R M . Theorem 9. Let pM, Cq be a Sikorski space and χ P SpecpCq. Then χ is a point evaluation iff it is continuous.
Proof. By Lemma 6, there is a net q α in M such that C pq α q Ñ p C χ and for every f P C we have χpf q " lim α f pq α q. Clearly, when χ is a point evaluation, this is when p C χ P C pM q, χ is continuous. So let us assume that p C χ R C pM q. We will show that D " χ´1pp´1, 1qq Ď C is not open, thus disproving the continuity of χ. Let us consider a polynomial g : R C Ñ R, which takes the value 0 on C pM 0 q and 2 on p C χ . Let us note that the existence of g is guaranteed by the finiteness of M 0 . Clearly, g belongs to E C and hence g˝ C belongs to C. Since g˝ C ae M 0 is constant and takes the value 0, the mapping g˝ C belongs to B. On the other hand χpg˝ C q " lim α gpq α q " gpp C χ q " 2. Hence g˝ C R D and we obtained a contradiction.
